INTRODUCTION
Heterogeneous materials or various forms of composites have always been widely used in technological applications. These materials are generally designed in such a way that certain physical bulk properties of the medium are optimized.
From a viewpoint of mechanical functioning, in practice most failure processes such as, for example, corrosion, wear, and fatigue appear to be surface related. Thus, to a certain extent many of these failures can be controlled by controlling the material properties near and at the surfaces. In some cases a relatively simple surface treatment would be sufficient as, for example, in surface hardening to prevent wear or in introducing residual compressive stresses to the surface to prevent fatigue 1 This study was supported by NSF under the grant MSM-8613611, by the Office of Naval Research under the contract N00014-89-J-3188, and by Sumitomo Metal Industries, Ltd.
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crack initiation. In many other cases, however, a protective coating with a more resistant material may be needed.
As some examples for such applications one may mention the thermnal barrier ceramic coating of combustion chambers, engine blades and other components.
coating of machine tools against wear. coatings used for protection against corrosion, and ion plating of parts by very low yield materials (such as gold or silver) to reduce friction.
In designing various coatings. in addition to their expected physical performance, their mechanical reliability as influenced by such failure related factors as cracking and debonding must also be taken into consideration. To a large extent the resistance of the material to such failures can be influenced through processing techniques (for example, by controlling the sub~trate temperature to influence the residual stresses, and by controlling the degree of mixing in plasma spray coating or in ion plating to influence the ductility of interfacial zones)
fee Batakis aný Vo\oan. 19.5. and Houck. 1937) . It is at this point that influencing material propertiEs through tailoring the composition as well as controlling the processing techniques may be a practical option. It has been shown that certain strength related properties of cerainic coatings can be improved by layering the interfacial zone going from metal rich to ceramic rich compositions. it wa-shown that the peak value of the residual stress becomes approximately one-sixth of that obtained from direct W-ZrO 2 bonding (Hirano, et al., 1988) .
The next logical step is, of course, the processing of fully tailored materials and interfacial zone-with predetermined continuously varying volume fractions. Advances in powder technology and surface chemistry in recent years have indeed made it possible to develop such nonhomogeneous materials (or functionally gradient materials) having metal and ceramic constituents (Hirano, et al., 1988; Hirano and Yamada, 1988) . A different type of problem in which one would have to consider the material as being nonhomogeneous would be certain thermal stress problems. If the thermo-elastic constants are significantly dependent on the temperature and if the temperature variation in the medium is sufficiently high, then for realistic modelling and analysis the material has to be considered as being nonhomogeneous.
Fracture toughness and fatigue crack growth characterizations of the nonhomogeneous materials reqire the solution of certain standard crack problems. The mode I plane strain problem for an infinite nonhomogeneous medium (that is, the case of 0=0 in Fig. 1 ) was considered by Delale and Erdogan (1983) . who showed that the relative dependence of the stress intensity factors on the nonhomogeneity constant may be quite significant. Other crack problems involving various forms of ma-eriai nonhomogeneity wrc considered by Kassir (1972'. Dhaliwal and Singh (1978) , Gerasaulis and Srivastav (1980), Erdogan (1985) . and Erdogan (1988a. 1988b) . In this paper, we consider the generral mixed mode plane strain problem for an arbitrarily oriented crack in a nonhomogeneous medium. In previous studies it was shown that the effect of Poisson's ratio. v, on the stres intensity factors is not very significant. Thus. in this study. too. v is assumed to be constant.
FORMULATION OF THE CRACK PROBLEM
Consider the plane elasticity problem shown in Fig. 1 where the medium contains a finite crack on y=0 plane and has a shear modulus #u defined by
,I -tan", , 1-!tan20
po and 6 being material constants. By observing that K=3-v for plane strain and t = (3-P),/ 1-v) for plane stress. and hence
Ihe Navier's equjations for the elastic medium may be expressed as
where u and v are respectively the x and y ccomponents of the displacement vector. After separating the solution of the uncracked medium subjected to the prescribed external loads.
the perturbation problei. would have to be solved under the following boundary conditions and self-equilibrating crack surface tractions p, and P2:
By expressing the solution of (4) as 
. (15) and (16) we obtain 
The two remaining unknown fUnctions F 1 and F 2 are determined fron-the mixed boundarY cconiditions (.6) and (7t.
THE INTEG-R.Al. EQt'ATIONS
To reduce the pro!Aen, to a ofie 0 integral equations we introduce the following niew
By stubstitutine for i. ai~d vfrom the results found in the previous section and inverting the Fourier integrals, from, *22. !t may be shown that
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Equations (231 and (24) give the unknown functions F, and F 2 in terms of g, and g 2 -On the other hand, by substituting from (18) and (19) into (6b) and (7b) we find 2-L n y-iax
for F, and F 2 . substituting into (25). and from (22). (6a) and (7a) observing that gj t 1=0 for t'>a. we obtain the following integral equations:
and the knowu functioni\s l\'kJ are given in tike Appendix. Since the conditions %j(t)=0 rather than ,6at and (6b! are used for ;t>a in deriving (26), the integral equations must be solved under the following single-valuedness conditions:
In order to determine the possible singular behavior of (26). the behavior of the kernels hkj, (kj=1,2) at x=t and y=0 needs to be examined. For this, it is sufficient to determine and separate those leading terms in the asymptotic expansion of K, as jal--o that would lead to Substituted into (27). these terms give Cauchy type kernels. The next lower order terms are of the form 1/I&o and give at most logarithmic kernels, logjt-xj which are square integrable and may be treated as Fredholm kernels. By adding and subtracting the asymptotic values given by (29) to and from Kki in (27) . and by evaluating the integrals involving the leading terms.
(26) may be modified as follows:
SOLUTION AND THE STRESS INTENSITY FACTORS
To solve the system of integral equations (30) we first define the following normalized quantities:
Then. for example. (30a) may be expressed as
Noting that the fundamental solution of (33a) is (1-s2)"1/2, the unknown functions f, and f 2 may now be expressed as
where Tn is the Chebyshev polynomial of the first kind. From (28), (34) and the orthogonality conditions of Tn(s) it may be seen that
Thus. by substitutitig from. 34 into (33, and by using the properties
where Ln(r) is the Chebyshev polynomial of the second kind. Note that the integrals in (37) are the Gaussian type and the solution may be obtained by truncating the series and using an appropriate collocation in r.
the strps-intensity factors at the crack tips a and -a are defined by
To evaluate k 1 and k 2 we observe that equations (25). or (30) provide the expressions for ayy(x.0) and axy(x.0) that are valid for !xl>a as well as Jxj<a. Thus, by using (36), and replacing pl(x) by ayy(x.0) (for Jx>a). from (33) it may easily be shown that
where 1 I(r) representt-all other bounded terms. Taking the limit in (39) we find -2,a.0 n
ine main results of th,-study are the stress intensity factors that are obtained from 040 and (41, after solving equations (37), and are given in Tables 1-7 It 3hould be pointed out that in nonhomogeneous materials the external loading conditions in many% cases may be modelled by prescribing displacements rather than tractions. The two practical cases that may be considered are the "uniform strain" and 'bending" applied to the medlaiv, a \a, ,rom the crack region. It will be assumed that the displacements are prescribed in the pianes parallel to the direction of the property gradient. x 1 in such a way that 
which, for a given crack orientation 9. are constant. Thus, the solution for the loading conditions (49! may be obtained by a proper superposition of the results found by using '-13, and 144 ). Table 2 where the angle 0 is varied between 0 and 7r/2. The results need tu be examined rather carefully if one is interested in the fracture initiatior, at the crack tip-. For example, one surprising result shown by Table 2 is that the maximuni values of k 1 and k 2 do not generally correspond to the limiting crack orientations 0=0 and 0=.-./2. This may be seen somewhat more clearly from Fig. 2 which shows the variation of the stress intensity factors with the angle 0 for a6=l. Also, the values of 0 corresponding to maxinium stre-s intensity factors seem to depend on ab.
For a quick assessnient of a possible crack growth initiation, it is generally sufficient to examine the amplitude and t he direction of the maximum cleavage stress a at the crack tips tsee Erdogan and Silt. 1965) . Given the stress intensity factors k 1 and k 2 , the "cleavage" and at a value of the load level determined by
where KIC is the (locabI critical stress intensity factor of the medium. In studying the fracture initiation from an existing flaw in brittle and quasi-brittle nonhomogeneous materials, two additional points need to be made. The first concerns the angular distribution of the asymptotic stress state for small values of r. It appears that these expressions (such as (50)) for a nonhomogeneous medium are identical to that of a homogeneous medium provided near and at the crack tip the elastic properties of the medium are continuous (but not necessarily differertiable) functions of the space coordinates (see Delale and Erdogan., 1988a) . The second point i. that. even though the material is assumed to be isotropic with respect to its fracture resistance, the resistance parameter K IC is expected to be a function of the space variables.
KIC may be determined from standard fracture toughness experiments by using a series of homogeneous specimens covering the complete range of material composition for the nonhomogeneous medium under consideration.
For a fixed value of ab=1 Table 3 shows the effect of loading conditions and the crack orientation on the normalized stress intensity factors. It may'be observed that under certain individual loading conditions the mode I stress intensity factor k, could be negative, implying crack closure. Such solutions are. of course, not valid and can only be useful in a superposition that gives a positive resultant ki.
In the solution given effect of the variation of the Poisson's ratio V is assumed to be negligible. Analytically. it is difficult to verify this assumption. However, one can solve the problem for various different values of v and compare the results. This is shown in Tables 4 and 5. Table 4 shows the effect of v on the stress intensity factors for a6=0.25, 0-=r/2, and for uniform crack surface tractions -ao and -ro. The maximum difference observed was 2% in k I under uniform crack surface pressure ao. The difference for other loading conditions (which are not all shown in the table) was somewhat smaller. For 0=0 similar results were found by Delale and Erdogan. 1983 . The effect of v is, however, more significant for greater values of a6. For example, the same calculations as Table 4 were repeated for a6=2.5 and the results are shown in Table 5 . It may' be seen that the difference in k, obtained from 0.05<_v<0.45 may be as high as 157. On the other hand, within a more practical range of V, namely for 0.2<v<0.35, the difference is less than 6%.
Some additional results for displacement loading given by (45) are shown in Tables 6 and 7. The tables show the effect of the nonhomogeneity parameter a6 and the crack orientation 9 on the normalized stress intensity factors.
After solving the integral equations and observing that rTn(s~ds It. -
the relative crack surface opening may easily be obtained from (22), (32). and (34) as follows:
Figures 3 and 4 show the crack opening in y direction for 6=0.5 and 2.5, respectively, where the loading is crack surface pressure c,, and the normalized displacements given in the figures are defined by
The three displacements shown in eahi figure correspond to 0=0 and 0=7r/2 with 6#0. and to a homogeneous material (6=0). It may be seen that for large values of 6 the crack opening displacements in nonhomogeneous materials can be significantly greater than the corresponding homogeneous values.
APPENDIX
Expressions of the functions K 1 j(y~a). (ij=1.2) where ýy. inl. n, 1 and fjk are given by (2). (11), (13), and (24), respectively. Table 1 . The effect of :he nonhomogeneity constant a-on the stress intensity factors; -=0.3, p 1 (x)=-:0 P2(x)=O, ki(+a)= 
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0, Normalized relative crack opening in y direction for a62.5, 1-0 and ý=-/2 and for a homogeneous medium (6-0) (see Eq. 55).
